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ABSTRACT

In the theory of an electrostatic plasma probe, the current
is calculated by considering all possible trajectories corresponding
to particles which impinge on the probe surface. The trajectories
may or may not be populated, depending on the geometry of the probe
and the structure of the potential distribution in its vicinity, as
well as on the particle velocity distribution at infinity. By con-
sidering which trajectories are populated and which are not, a theo-
retical expression is obtained for the current collected by a planar
probe assumed to be embedded in the skin of a large satellite in
the ionosphere plasma. This expression is in the form of an integral
over velocity space, The analytical properties of the domain in
velocity space which corresponds to populated trajectories are in-
vestigated. Tﬁe shape of the domain governs the current character-
istics of the prote. General formulaé are derived which depend on
the shape of the domain. An approximate theory is employed to obtain
an analytical form for the shape of the domain, and expressions are
derived for the current characteristics of the probe., Comparison is
made between the theoretically derived characteristics and those
computed by numerical trajectory calculations. An approximate
theory is also employed for the spherical probe, based on a power-
law potential model., The planar anﬁ spherical probes are compared.
The circumstances under which Druyvesteyn relations exist are investi-
gated for the planar and spherical probes. Under the assumption of a
spherically symmetric potential, formulae are derived for the current
collected by a spherical probe moving through a plasma. The theore-
tical current collection based on the power-law potential model is

compared with the current based on the sheath model.
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THEORY OF A STATIONARY PLANAR PROBE

I, INTRODUCTION

Measurements of the density and temperature of charged particles
in the ionosphere have recently been made using a circular planar probe,
flush-mounted in the skin of the carrier satellite.1 The probe essen-
tially consists of a grid maintained at an arbitrary potential with
respect to the satellite., There may also be inner grids or collecting
electrodes. The current entering the outer grid or aperture of the
probe, plotted as a function of the grid potential, is called the current
characteristic. It is possible, by suitable interpretation of the plot,
to infer certain parameters (moments) associated with the charged particle
velocity distributions in the undisturbed plasma "at infinity.'" The task

of interpretation involves separating out the specific geometric-electric

effects of the probe which perturbs the plasma.

In the case of a retarding probe, whose outer grid is biased so
as to repel the particles of a given sign, the current characteristic
is frequently free of geometric effects, so that it may be interpreted
rather directly in terms of the velocity distribution at infinity. For
example, under certain circumstances, it is possible to obtain the velocity
distribution directly from the second derivative of the current character-
istic with respect to the retarding potential., This technique is usually
associated with the name of Druyvesteynz, who applied it to his measure-
ments, although this relationship had been recognized earlier by Mott-.
Smith and Langmuir3 (Reference 3, p. 753). Because of its specific
association, the relation between the second derivative of the current
and the velocity distribution function will be referred to here as a

"Druyvesteyn relation."

In the case of an accelerating probe, the outer grid is biased
80 as to attract the particles of a given sign. The current character-
istic will be referred to as the "probe current characteristic,'" This
characteristic usually cannot be interpreted so directly as the retarding

probe characteristic because the effects of geometry and of the velocity



distribution are strongly coupled in the resulting current. However,
an important modification may be made in which the potential of the
outer grid is held fixed while a varilable bias is applied to an inner
collecting electrode (see Fig. 1) so as to repel particles which have
passed through the outer grid, The curve obtained when the current
entering the collecting electrode is plotted as a function of the
retarding potential on the collector will be referred to as the
"retarded current characteristic" (not to be confused with the char-
acteristic of a retarding probe). A Druyvesteyn relation may exist for
this characteristic under certain circumstances, which are discussed in

this paper.

When the ambient plasma is collision-free, the details of the
particle trajectories will determine the effects of geometry on the
current-collecting characteristics of the accelerating probe. In par-
ticular, a significant role will be played by trajectories which inter-
sect the surface of the satellite. This paper will be primarily
concerned with the effects of trajectory intersections, The term
"intersection" will be taken here to refer to a particle trajectory
which intersects the surface of the satellite, not only at the probe
surface (grid) but also at some other point on the satellite. This
can occur whether or not the trajectory can connect with infinity
according to energy conservation. Since the trajectories are dynamically
reversible for the time-independent problem, a trajectory can be analyzed
by following it backwards in time to its origin. Starting from the probe
surface, a particle which has the energy to escape to infinity may in-
stead strike the satellite surface, i.e., its trajectory may intersect
the satellite surface, If there is no reflection or photoelectric
emission, the trajectory is not occupied. Therefore, it contributes
nothing to the current and will said to be "excluded.” 1If the particle
has the energy to escape to infinity and does not strike the satellite,
however, its trajectory is an occupied one and does contribute to the

current, Whether an intersection does or does not occur will depend



on the angle © made by the iInitial velocity vector (at the probe
surface) with the outward normal to the probe surface. Assuming the
particle has the energy to escape to infinity, it will (generally) do
so when & = 0, i.e., when the initial velocity 1is vertical. When

& = -T/2, the trajectory is a grazing one and the particle certainly
intersects the surface. There is, therefore, a critical value of the
angle, for greater values of which the trajectories are excluded or
unoccupied because of intersections. The exclusion of trajectories at
angles & less than {/2 results in a modification of the current
characteristics similar to the effect of the finite sheath in the
theory of Mott~Smith and LangmuirS. (Formulae which correspond to
the infinite sheath limit in the Mott-Smith-Langmuir theory will be
called "Langmuir formulae.") Moreover, a Druyvesteyn relation may
not exist when exclusion effects are important, Modifications of the
theory of spherical probes due to exclusion effects are discussed by

Halla, Bernstein and Rabinowitzs, and Al'pert, Gurevich and Pitaevskii6.

When the distribution of particle velocities at infinity is
not isotropic, e.g., a streaming Maxwellian, it is not possible to
express the current to a planar probe in a simple analytic form.
However, when the distribution of velocities 1s isotropic, the current
may be expressed in a form which exhibits clearly the effect of trajec-
tory exclusions, It is possible in only one case to express the probe
current analytically when the velocity distribution 1s arbitrary,

This is the case of a spherical probe in a spherically symmetric
potential. The current depends only on the distribution in speeds at
infinity. Because of its general interest a discussion of this case

is included here.

In the next section, assuming a simplified geometry, the theory
of the barticle current density at the outer grid of an accelerating
planar probe is treated, assuming a Maxwellian distribution of particle
velocities at infinity, and absorption of particles at the surface,

Intersections are discussed in terms of a curve in "trajectory space,'



representing the demarcation between the domains of occupied and un-
occupied or excluded trajectorlies. Expressions are presented for the
probe current and the retarded current characteristics in terms of an
undetermined algebraic function representing the boundary of the ex-
cluded portion of trajectory space. The one-dimensional and three-
dimensional limiting cases are discussed.

In Section III, current characteristics obtained by numerical

7 are presented for the unshielded electric

trajectory calculations
field of the OGO probe8. A numerically-determined boundary curve in

trajectory space is discussed.

In Section IV, an approximate theory is employed to obtain an
analytic expression for the boundary curve in trajectory space. The
current characteristics based on this analytic expression are derived
and a comparison is made with the results of the trajectory computations

of Section III. The limiting cases are discussed,

Appendix A treats the effects of intersections on the current
to a sphere, assuming a spherically symmetric potential described by
a power law. An approximate analytic expression is derived for the
boundary curve in trajectory space. The resulting current character-
istics are derived, with the exponent as a parameter, and compared

with the Langmuir formulae.

In Appendix B, the current characteristics are derived for a
general isotropic distribution. A Druyvesteyn relation is shown to
exist, under reasonable assumptions, for the retarding probe charac-
teristic and for the retarded current characteristic of the accelerating
probe, regardless of intersections. The accelerating probe current
characteristic is shown to have the classical linear form in the absence

of intersection effects.

In Appendix C, the characteristics of accelerating probes are
derived for gemeral isotropic distributions. The approximate one-

parameter theories of Appendix A and Section IV are applied to the



cases of the spherical probe and the planar probe, respectively. In
the presence of intersection effects, the characteristics are linear
only for large values of probe potential, and have slopes less than
those of the classical Langmuir formulae. A relation similar to the

Druyvesteyn relation is found for the sphere.

In Appendix D, the exceptional case of a spherical probe in a
spHerically symmetric potential is discussed. The velocity distribu-
tion is assumed rotationally symmetric but otherwise arbitrary. The
current to the probe is obtained by integration over the probe surface,
taking into account the effects of trajectory intersections when the
potential is a prescribed power law. A Druyvesteyn relation is
shown to hold for an arbitrary speed distribution at infinity. The
expression obtained for the power-law model when the velocity distri-
bution is a Maxwellian with drift is compared to that obtained on the

basis of a sheath model.

S



II. THE THEORY OF THE PROBE CHARACTERISTICS

The current of particles passing through unit area at any point
T in ordinary space, i.e., the vector current density, may be repre-

sented as a triple integral over velocity space of the form

_—
T = [[[#yw v g

whereﬂ¢’is the vector velocity of a particle passing through the
point_;. The function f(;,'3) is the density of points in six-
dimensional phase space. In the time-independent collision-free case

the function f is given by the solution of the Boltzmann equation:

—c —b
T V& +3- V£ =0 2

where & is the vector acceleration of the particle, and the gradient
operators <7r and T;; represent differentiations with respect to the
components of T and ¥V, respectively. The function f will be referred

to as the "distribution function'.

A planar probe embedded in the skin of a large satellite8
(large compared with dimensions such as probe radius and Debye length)
may be approximately represented by the geometry shown in Fig. 1, in
which the satellite skin is considered to extend to infinity in the form
of a flat plane. The satellite skin will be assumed to be at the potential
of the ambient plasma., Since the probe potentials of interest will be
considerably larger than the difference of potential between the
satellite and the plasma, the results following from this assumption
should not be greatly in error. The normal component of current density
at a pointvgp on the outer grid of the probe shown in Fig. 1 is given

by the scalar triple integral over velocity space:

— - T—b
J(T;t):[f £ v) R4V
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where v, is the normal component of velocity of a particle passing

through the point _?;.

When the forces have the property that the total energy is
constant along any particle trajectory, then the function £ 1is
constant along that particle trajectory. Thus, if the distribution
function f 1is known on a given boundary C in phase space, then at

any point E3 along a trajectory which connects with C we have

— 2y — —5 4)

FEF)= £ &5 <
where
2

TR EB@)= v+ AP (R = 2k ®

A boundary of this type is illustrated in a two-dimensional repre-
sentation of phase space in Fig. 2. 1In Eqs. (4) and (5), m is the
particle mass, éﬁ is the scalar potential energy function, E is the
(constant) total energy, and the subscript C refers to points on the

boundary C.

For the probe geometry depicted in Fig. 1, the boundary C is
comprised of two parts, A and B, where A refers to the entire satellite
surface and B represents all other points at infinity above the plane.
On the two boundaries, A and B, the corresponding distribution functions
fA and fB will be assumed known. On the boundary at infinity (B) the
distribution function may be assumed, for many physical situations of

interest, to be given by the Maxwellian function

——(’U' ’U’) 6)

-4? €> qj- > - TZE:SAL éfi

where fB is dimensionless and is defined in units of the ambient particle

density denoted by n . The dimensionless velocities_3£ and-c; are



defined in units of the thermal velocity (2kT/m)%, T being the tem-
—
v

s 1s defined here as the vector Mach

perature. The velocity vector
number and represents the dimensionless mean velocity of the gas of

particles with respect to the satellite,

If Cb denotes the dimensionless potential energy defined in
units of the thermal energy kT, then, according to Eqs. (4) and (5),
the distribution function at —?; for trajectories which connect with
infinity (B) is given by

— y —t
_(-7.(-\;";"\5'):.._;__[._—3/16")({)L—-Ugll’\fs"“_;_l'\rs.’ﬁ] @)
where
VA - U 4 $(F) ®)

and CP is assumed to vanish at infinity.

On the satellite surface, boundary A, the distribution function
is that which describes the emission of particles from the surface, e.g.,
photoelectrons, secondary electrons, or reflected particles. If there
is no emission of any kind, the distribution function £ vanishes at
the surface. It will be assumed in this paper that all charged particles
incident on the surface are neutralized and that none are emitted so that
fp 1s zero. Thus, f 1is zero for trajectories which intersect the
satellite surface, It will also be assumed that the probe potential
(<b ) is negative and that there are no particles occupying trapped
trajectories. The Mach vector '32 will be assumed normal to the probe,
defining a z-axis whose positive direction is upward as in Fig. 1. The
normal component of the current denéity (j) will be considered at the
center of the probe for simplicity, since the geometry of the integrals
is then rotationally symmetric. For off-center points, the integrals

are more complicated but the essential ideas would be the same.



A. THE ACCELERATING PROBE CURRENT CHARACTERISTIC

It will be convenient to employ cylindrical coordinates for
the velocity space, with the vz-axis of the system along the direction
—
of wvg.
of the dimensionless velocity, respectively. With the use of Eqs. (3),

Thus, v, and v, will represent the axial and radial components

z

(7), and (8), the current density at the center of the probe can be

written as the ratio

o oL

— kN ‘—Trl' 'JU}L'+ QKU;VU;
gt & T iy e % 5 JU®

J
% © V()

where jo is the ambient thermal current density defined by

k.

J, = "o (BI_)A [ 6-“5 +yw U (1 + c,ﬁvs)J (10)

LTm

In Eq. (9), d) is the potential energy of a particle at the

at infinity, which depends

probe surface, and vzoe is the value of v,

on the local values of v, and v, through the trajectory. The lower

limit vm(vz) of the v, -integral is, in general, an unknown function of
v, representing the boundary of the domain, in v,.-v, space, in which

the integrand is non-vanishing. This 1is the domain in which trajectories
are not only energetically possible but also connect with infinity, i.e.,
they do not intersect the surface of the satellite. An example of such

a boundary is shown in Fig. 3, where the shaded domain represents tra-
jectories which are unoccupied, either because they are not energetically
possible or because they intersect with the satellite surface. Thus, recall-
ing that the trajectories are to be foiibﬁed backwards in time, we

see that the integration in Eq. (9) extends over the domain above and

to the right of some curve vy = vp(vz) in Fig, 3. For negative values

of Vs the trajectories are unoccupied since they clearly come from

the satellite surface, which has been assumed non-emitting., For
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positive values of Vs it is not simple to distinguish between those
trajectories which are unoccupied because they are energetically
impossible and those which are unoccupied because they originate at
the satellite surface. Thus, for positive values of A the curve
vm(vz) must in general be determined by detailed trajectory calcu-
lations in a given electric field, Also, for an arbitrary electric
field, the connection between v and v, and v, cannot be determined

Zoo
analytically, and hence, the evaluation of the integrand in Eq. (9)

’
even for the allowed domain, must be performed numerically. However,
for the case of zero Mach number (vs = 0), it is possible to gain con-
siderable analytic insight, and it is with this case that we will

henceforth be concerned.

For v, = 0, the integrand and differentials in Eq. (9) may be

2 and vrz, and it is therefore convenient to

expressed in terms of v,
represent the allowed domain of integration as in Fig. 4. If there

were no intersections, the allowed domain in Fig. 4 would be the

entire quadrant except for the triangular area representing points such
that vr2 + vz2 <L Vo’ where Vo denotes the positive value —4b, i.e.,
the magnitude of the probe potential. The forbidden triangle represents
points which cannot conmnect energetically with infinity. (See also
Reference 3, pp. 755-6.) However, the effect of intersections is to

exclude also a neighborhood of the entire vr2

- axis (near v, = 0) from
the allowed domain. This 1Is due to the fact that points on this axis
correspond to grazing trajectories, and that grazing particles will be
deflected into the probe surface by any attractive field, however weak.
This situation is peculiar to the planar probe, and does not apply to
the case of a sphere, in which case only a finite portion of the vr2 -
axis may be excluded. (See Appendix A for the special case of the
sphere.)9 The closer a trajectory is to grazing incidence, i.e., the

2. axis 1Its representative point lies, the larger is

2

closer to the v,

the required value of v
2

to correspond to an allowed trajectory. Thus,

rather than the v.© - axis, i.e., curve (c) in Fig. 4, the boundary of

.



the allowed domain may be some curve such as (a). This boundary may

possibly intersect the line vr2 + vz2

= Vo in Fig. 4, in which case
the allowed domain would be above and to the right of both curves,
If intersections are not very important, the curve (a) moves to the
left, i.e., toward the axis (curve (c)). If intersections are very
important, the boundary curve may be like (b) in Fig. 4. As inter-
sections become dominant, the boundary curve may move to the right
and tend toward the vertical line (d). All boundary curves probably

pass through the point vz2 2

= Vo on the v,©o- axis, That is, unless
the electric field is very peculiar, the trajectory should be capable
of connecting with infinity regardless of intersections provided only

2

that v, exceeds Vo' An important distinction exists between points

to the right of and points to the left of the vertical line (d), i.e.,
vz2 = Vo ianig. 4, For points to the left of (d), an interchange

occurs between the kinetic energies associated with radial and axial
components of velocity. That is, some axial kinetic energy must be
transformed into radial kinetic energy as a particle comes in from
infinity and arrives at the attracting probe surface. For example,

a particle may arrive without any axial velocity, all of its kinetic
energy having gone into radial motion., However, for points to the

right of (d), an interchange may or may not occur between the kinetic
energies associated with radial and axial motions. These motions may

be considered as independent, as far as the current integral (see Eq. (11)
below) is concerned, and the consequence is that in certain cases con-
tributions to the right of (d) reflect directly the velocity distribution
at infinity, independently of the geometry of the probe. It is shown in
Appendix B that this property applies to an isotropic distribution at
infinity, which may otherwise be arbitrary.

In the following analysis it will be assumed that the intersection-
governed part of the boundary curve in the velocity space is represented
by a curve such as (a) in Fig. 4. This behavior is suggested by the

results of numerical calculations. (See Section III.)7

11



If Ve = 0, then Eq. (9) may be expressed in the form

Q0
_:j._ - e\/o 6""2‘- - Xm (%) A% (11)
Jo

O

where j, denotes the thermal ambient current density no(kT/21Tm)%.

(See Eq. (10)). In Eq. (11), z represents vzz, X represents vr2

’
Vo represents the positive value —-Cb, i.e., the magnitude of the
attractive probe potential energy, and xm(z) represents the boundary

in x-z space between the occupled and unoccupied domains. The x-z
space will be referred to as the '"trajectory space." (Confusion should
not result from the use of this notation, since no reference is made to
spatial coordinates.) The boundary curve is assumed to be given for

the present case as in Fig. 5, where it consists of three regions:

(1) xm(z) =0 (z >V0) (12a)

(I1) xm(z) = Vo -z (z,4z% Vo) (12b)

(I11) xm(z) > V0 -z (04 2z <.zl) (12¢)

In Region III, the form of xm(z) is due to intersections and is
not expressible analytically in general. Regions II and I represent the
purely energetic requirement on the trajectories, namely, the relation-
ship

x+z-V 20 (13)

Then xm(z) is given by Vo - z or zero, whichever is greater.



On the basis of the assumed behavior of the boundary curve in
trajectory space as shown in Fig. 5, Eq. (11) yields the resulting

current density:
= 14
8 * 8 + 8y (14)

where

oo
3, = ev"f e *dz = | (15)
v

ﬂ’.: e’ c da = Ve — 2, (16)

2
v, -2 - % ()
9.= € A € d (17)

Now, in the case of no intersections, z; vanishes, and the current

density becomes

3 , 18
j_ = gl + gz = ] + Vo ( )
[o]

which is the classical Langmuir formula.3 However, when Intersections
are present, 2y does not vanish and the current is less than that given

by Eq. (18) since g, is always less than z (8ee Section 1IV.)

1°

13
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It is of interest to compare the current density derived here
with the current density of attracted particles which would enter the
surface of a charged sphere at rest in a plasma. The current density
entering the sphere would be given by Eq. (18), provided that the
potential is spherically symmetric and falls off less rapidly than
the inverse square of the radial distance, If the potential is
spherically symmetric and falls off like the inverse n-th power of
the distance, where the exponent n exceeds 2, then, as is shown by
an approximate analytical calculation given in Appendix A, the current
density rises less rapidly with V0 than is indicated by Eq. (18). 1In
the limit of large values of the exponent n, the ratio j/jo approaches
unity for all values of Vo. In this limit the one-dimensional case of
constant current is approached. Similar conclusions are arrived at in

Reference 6 (p. 230).

The two terms in the formula 1 + Vo of Eq. (18) represent
distinctly different types of trajectory contributions. Due to the
special mathematical form of the integral in this symmetric problem,
the term represented by unity may be considered as arising from the
contributions of trajectories in which only the z-component of velocity
is altered in coming from iInfinity to the probe. It reflects directly
the integral over the distribution of the speeds at Infinity. This is
generally true for isotropic velocity distributions at infinity, as is
shown in Appendix B. Thus, it has essentially a one-dimensional char-
acter, and is probably independent of the effects of intersections,

i.e., of the geometry of the probe. However, the term represented by

Vo arises from trajectory contributions in which there has been an
interchange of energy between the radial and axial components of
velocity. It is associated with geometric "convergence" or confluence

of particle streams, and reflects the geometric influence of the probe.
This term is likely to be affected by intersections in that its magnitude
would be reduced. It tends to vanish in the limit in which intersections
are so dominant that the problem becomes essentially one-dimensional

(e.g., a very thin sheath),.
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B. THE RETARDED CURRENT CHARACTERISTIC !

If a collecting electrode is placed close to and behind the
probe grid shown in Fig. 1, and the collecting electrode is biased so
as to repel particles coming through the grid, a retarded current
characteristic may be obtalned. Let the retarding potential energy
of the collecting electrode with respect to the outer grid be denoted
by V in units of kT, where V is positive. Then the current collected
is less than that entering the grid due to the fact that'some of the
attracted particles incident at the grid cannot overcome the potential
barrier V. The problem is one-dimensional in that only the kinetic
energy assoclated with the z-component of velocity is affected. Hold-
ing the outer grid potential fixed at Vo’ the current collected across

the potential barrier V is given by the following modification of Eq. (11):

O

-2 - 'Xm
A é (@) Is (19)

A consequence of the form of Eq. (19) is that the function xm(z) may be
inferred from an experimental measurement of j‘/j0 as a function of V,

Taking the derivative of both sides with respect to V, we have

XM(V)::VO-V—ln[-%/(%)J (20)

This formula will be referred to in the discussion of Section III.

Assuming xm(z) has the form given by Eqs. (12), Eq. (19) may be

expressed according to three possible cases:

(a) OLV<LE LV,

Z|
\J'/ \/o - - Xm(2) )
:,’;e - dz + [ +V, -2 (21)
e \4

15
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& (22)
@DV>V

3’ V, -V
= & (23)

In Eq. (21), xm(z) is the unknown function determined, say, by
trajectory intersections. Thus, the characteristic is linear in a
portion of the range of V below VO, and exponential for V above Vo’
with continuity of value and slope at V = Vo. For small values of V,
the characteristic is truncated due to exclusion of trajectories by
intersections with the satellite surface., This behavior is illustrated
by curves in Fig 6, which are derived in Section IV on the basis of an
approximate theory of intersections, The form of Eq. (23) suggests that
a Druyvesteyn relation may hold for the retarded current characteristic

of the accelerating probe. This question is explored in Appendix B.
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ITI. NUMERICAL CALCULATIONS

For the planar probe geometry8 shown in Fig. 1, detailed
numerical trajectory calculations have been performed7 which yield
insight into the effect of trajectory intersections on the current
and on the shape of the allowed domain in velocity space., The prob-
lem may be approximated by one in which an infinite blane is maintained
at zero potential, except for a circular area representing the probe,
which is maintained at a different potential., The potential distribu-
tion in the absence of space charge (Laplace solution) is represented
by the contour plot in Fig. 7. The function depicted in Fig. 7 corre-
sponds to unit potential on the probe. The potential everywhere is

scaled by the factor V0 when the probe potential is Vo'

The current ratio j/jo was calculated as a function of Vo (see
Egs. (10) and (11) for definitions). This characteristic is shown for
Vo in the range (0, 16) in Fig. 8 and in the range (0, 100) in Fig. 9.
The numerical points are designated by circles, For large values of
Vo the characteristic is a straight line to within the accuracy of the
calculation., The slope is less than unity, due to trajectory exclusions.

Also plotted in Fig. 8 and 9 are analytical curves derived in Section IV.

.Further detailed numerical calculations were performed for a grid potential

of Vo = 45,54, corresponding to 5.1 volts for an ambient temperature of
1300°K. The derivative d(j/jo)/dz was computed as a function of z,
where z has been defined previously in Section II as the kinetic energy,
in units of kT, associated with the normal component of velocity at the
probe surface. This computed derivative is shown in Fig. 10. There is
a flat plateau just below z = 45,54, and a sharp transition at z = 45.54
to an exponential. The falling-off for z near zero is clearly a mani-
festation due to trajectory intersections. The boundary for the domain
of allowed trajectories in the trajectory space, i.,e., the function’
xm(z) in Eq. (11) or Eq. (19), may be obtained from the function in

Fig. 10 by the use of Eq. (20), in which V is replaced by z and -dj'/dV
is replaced by dj/dz. The resulting graph for xm(z) is shown in Fig. 11,

17
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The computed domain in Fig. 11 of allowed trajectories in
trajectory space suggests that Fig. 5 is a good representation. That
is, intersections affect the domain for z between 0 and 45,54, 1i,e,,
where geometrical effects are important. The current j/jo, for
Vo = 45.54, is given by the area under the curve in Fig. 10, This is
approximately 35, consistent with Fig. 9,

The retarded current characteristic may be obtained from the
numerical data by integrating the curve in Fig, 10 (d(j/jo)/dz) from
V to infinity, where V is the repulsive potential barrier which
particles must overcome in going from the outer grid to the collector.
The resulting characteristic corresponds nearly exactly to the
theoretical curve with b = 1 in Fig. 6, A discrepancy occurs in the
vicinity of V = 11, where the numerical calculations (dotted line)
show a less abrupt transition from the flat portion to the linear

portion of the characteristic.



IV, APPROXIMATE THEORY OF INTERSECTIONS

By the use of an impulse approximation, it is possible to
derive a theoretical expression for the boundary curve xm(z) of the
allowed domain in trajectory space (see Figs. 5 and 11). This may
then be used to obtain analytic expressions for the current character-

istics such as given by Figs. 6 and 8,

Let the velocities be taken in units of (ZkT/m)% and the
energies in units of kT. Then the equation for the finite change in
the normal component of velocity (IQS\J;. ) due to the normal component
of the potential energy gradient (Q <P /dz) may be written:

b
_ 20 9IS
Av% - 2 —‘ﬁ N (24)

Equation (24) equates the momentum change to the impulse of the
force, as one follows the particle backwards in time from the center of
the probe, where s = 0, to either infinity or the satellite surface.

\J 1is the instantaneous speed of the particle and ds/vr represents the
differential of time. (In the integrand of Eq. (24), z clearly denotes

the spatial coordinate z rather than ’\;2 as in the previous sections.)

The integral in Eq. (24) may be written

(=]
Al }i,d (25)
A = =3 V>_/ >z

if by < 1/V> we mean an average value of 1/Ar over the trajectory.
We propose to approximate the integral of Eq. (25) by replacing < I/H::>
by b/, where VU 1is the speed of the particle at s = 0, i.e., the
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center of the probe grid (see Fig. 1), and b is an average constant or
"fudge factor" which is difficult to evaluate. Since, on following the
particle backwards in time from the attracting probe, \J generally
decreases with s, b is probably numerically greater than unity. If b
varies sufficiently slowly, this approximation should not be greatly in
error. The proposed approximation is equivalent to assuming that all
trajectories are straight lines or rays radiating from the center of
the probe to infinity. The approximation should become accurate when

the critical trajectories are nearly grazing omnes.

Since the integral in Eq. (25) must be equal to the probe
potential, Vo’ Eq. (25) may be approximated by

pv, o _ b\ @
2 2 v

where b is a constant of the order of and greater than unity. The
velocities U and 15; are the initial values at the probe center.

Thus, intersections will occur 1if

V, 27)

T, < - AV M
3

b
NS =
= 2

or, on squaring both sides and rearranging, if

bV
X< Km(2) = 5 (28)

B

2

In Eq. (28), z denotes ﬁJ; and x denotes 1&;1‘ , as defined in

Section II.



Equation (28) will be used as an analytic boundary curve in
trajectdry space. The theoretical allowed domain based on Eq. (28)
is plotted in Fig, 11, assuming b = 1 and Vo = 45.54, for comparison
with the points obtained by numerical trajectory calculations. The
analytic intersection curve deviates considerably from the numerically
L = 11.385 = (45.54)' /4.  However,

the analytic and numerical curves intersect the line 45.54-z at very

determined points for values of z £ z

nearly the same value of z. This point will be discussed further below.

Using xm(z) as given by Eq. (28) in Eq. (12¢), and with z, given
by b2Vo/4, Eqs. (15)-(17) become:
g, = 1 (29)
g, = (1-b2/aW_ | (30)
v 7:\4 _ b=V oo y
= o CTY _ br*VE Vv e—
b=, < "*'—4‘“5"/‘145
'VO
b I V
= Py bryret E (W) GL
e T
where E1 (f)) denotes the exponential integral
® t
T dt (32)
E (p) = € ,
t

,P
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Thus, Eq. (14) gives the normalized current density as the sum of
Egs. (29)-(31):

“j" =1 +V, — %x\élev" Ei(v) o

. 2
For small VO, El(VO) increases like In (1/V0) and V0 El(Vo) is dominated
by Vo’ so that

-l l + \/o f—o( Vo << | (34)

c(_..\g.

For large V_, E,(V ) decreases like e'VO/VO, so that

J L S _ b
R R RS I T

e V, >

Equation (33) is plotted in Figs., 8 and 9, for various values of b, for
comparison with the current obtained from the detailed numerical tra-
jectory calculations, The agreement is excellent for b = 1 to within
the accuracy of the numerical results. This may be connected with the
fact that the numerical and analytic curves intersect the line 45.54 - z
in trajectory space at very nearly the same value of z (at z = zl), and
that the structures of the curves for smaller values of z are probably

unimportant since the integrand in Eq. (17) drops off very rapidly in
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the vicinity of Z,- This situation might be expected to apply only to
large values of Vo' However, as Fig. 8 shows, it apparently applies

to small values of Vo as well.

Equation (35) shows that the slope of the current curve for
large Vo is rather sensitive to the value of b. According to the
arguments given above, b should be greater than unity. 1If it is only
as large as 2, however, j/jO remains less than 2 for all values of Vo’
i.e., the one-dimensional limit is indicated. The theory is not
applicable for values of b greater than 2, since Eq. (33) leads to

negative values of j/jo for large values of Vo'

The retarded current characteristic corresponding to the same

allowed domain is obtained from Eqs. (21)-(23) by using xm(z) as given
by Eq. (28) in Eq. (21), and with z, given by b2v0/4. Thus, the three

possible cases may be expressed as:

(a) 0 < V< bUV/Y

j’ vo })"Va/‘f _b"vol Lz,
—= € e Tax 4+ 1+ - N
4

Jo °

= | 4+ V =VeE

[ RV V’ !,:ﬁgl
"5——,%6"\,5\(\4)—-51(4\/)] (36)

where El(p) denotes the exponential integral, Eq. (32).

® BV, /4 £ VLN,

,j/z\/o—\/—l—\ 37)
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_‘_?_ = e (38)
Jo

Equations (37) and (38) are identical to Eqs. (22) and (23) but are
repeated here for completeness. The normalized retarded current j'/_‘]o
is plotted in Fig. 6 for several values of b and Vo = 45,54, Equation
(36) reduces to Eq. (33) for the total current when V = 0.

For large values of Vo’ Eq. (36) has the asymptotic form:

s bV :
J b* vi _-w(Gp-1) e
el U DENCEE SAE S A

2k
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APPENDIX A - INTERSECTIONS IN THE CASE OF A SPHERE

The material derived in this appendix is relevant to the subject
of currect collection by spherical and cylindrical probes. The fact
that a current limitation may be caused by the form of the potential
distribution as well as the value of the probe potential has been con-
sidered by Halla, Bernstein and Rabinowitz®

PitaevskiiG.

, and Al'pert, Gurevich and

We assume that the potential distribution in the vicinity of a
sphere which is embedded in & plasma may be described by the form

o = M (A1)
= — __;:n

where r is the radial distance from the center of the sphere and M and n
are positive, It will be shown in this appendix that a grazing trajectory
cannot exist at the surface of the sphere unless the exponent n is less
than 2, A trajectory which can connect energetically with infinity will
do so when n is less than 2, and may not connect with infinity (i.e., it
may intersect) when n is greater than 2. 1In the latter case, intersections

will 1imit the current which can be collected. An approximate expression

for the current will be derived, with the exponent n as a parameter.

The equations of motion for a particle having mass m and angular
momentum L, which is subjected to a potential energy function of the form

Eq. (Al), are given by:

2.
s _ L _ M

3 m Y.;n+l (A2)



o (A3)

where the dots signify time-derivatives, r is the radial distance from
the center of force, and lP is the angle between the radius vector and
an arbitrary reference line which lies in the plane of the orbit and

passes through the center of force. With the use of the substitution

4 _ g d
x =Y

the differential equation for the orbit is:

d>r 2 /3N Ly - nm M3 44)
dgr ?(ﬁ) L*

Let the radius of the sphere be s and consider a grazing
trajectory at the point P as in Fig. Al. Let the angle Y be measured
from the line of symmetry O-P in Fig. Al, Expanding r(\} ) about

Y = 0, we have, using Eq. (A4) and recalling that (dr/dY¥ )0 = 0:

Lo oL L (‘ _ nm'\éﬁ’—>qﬁ 4o 45)
%
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where \/o_"—: M/Von:'—@(ﬁ)

Thus, the radius of curvature of the trajectory is greater than

r,, as shown by the trajectory marked (a) in Fig. Al, if

2

. ‘ (46)

v° ( ’E_——L <n° ln*€r$€c+i°n)
nmy,

and thus the trajectory does not intersect the sphere (at another point)
and may possibly connect with infinity, depending on its energy. This
inequality is automatically satisfied for a repulsive potential, since
M, and therefore V_, would be negative. For an attractive potential
(Voﬁ>(3), the inequality Eq. (A6) may or may not be satisfied. If it

is not satisfied, i.e., if

2

V, > --L;—' (fmtevsection) A7)

nw Y+

then the trajectory, as exemplified by (b) in Fig. Al, passes through
the sphere. That is, the particle cannot have come from infinity,

regardless of its energy.

The additional requirement that the trajectory must connect
energetically with infinity may be expressed in terms of the local
kinetic energy K. Thus, since

> = ama™ K (A8)



and

K = \/o (Hfrao-h‘ve Po+€,n+|\al> (A9)

the criterion for a non-intersecting grazing trajectory which connects

with infinity is obtained from Eq. (A6):

\(L
V°<QM°K=%\—K (A10)

nm¢>

or,

(Al1)

——

N \/o < K (no ‘ntecsection )

If n is less than or equal to 2, Eq. (All) is automatically satis-
fied (no intersection) when Eq. (A9) is satisfied (energetic connection
with infinity). That is, Eq. (A9) is the appropriate criterion which
includes Eq. (All)., Thus, the Langmuir formula for the current j/jo =
1+ V0 is obtained by integration over a Maxwellian distribution simply
by considering Eq. (A9) for all trajectories, including grazing omes.

However, if n is greater than 2, Eq. (All) is the appropriate
criterion which includes Eq. (A9). Thus, an expression different from
the Langmuir result would be obtained by using the correct formula for

the boundary in trajectory space. This formula must reduce to Eq. (All)
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for grazing trajectories. In general, an exact analytic formula cannot
be obtained. The charge density is also difficult to calculate when

the potential falls off with r more rapidly than r'z. Thus, the solution
for the Poisson field in the vicinity of a sphere or cylinder embedded

in a plasma has remained an extremely difficult problem to dat:e.l*’5
However, it is possible to derive an approximate expression for the
current when the exponent n is greater than 2. This may be of heuristic

value.

Consider a trajectory which is not quite grazing (at the point P
in Fig. A2), but is nearly so. In the vicinity of the point P, r(\Y )

may be represented by the approximate expansion:

2 éf—f ¢ (- PN G
cW= % (5 [ (J9) + 50 =) &
[}

where use has been made of Eq. (A4). It will be assumed that retaining
terms up to order QUZ will give a sufficiently accurate representation
of r(Y ), for a nearly grazing trajectory, to allow a conclusion to be
drawn whether the trajectory intersects the sphere at another point

(Q in Fig. A2). For very small displacement angles \V, the trajectory
should be Very nearly symmetrical about the point where r has its maxi-
mum value r . Differentiation of Eq. (Al2) yields the following ex-

pression for LHn, the angle corresponding to T

_ dy 2_@;” v ,nmﬁ‘VJ (A13)
‘me"li'))o/[‘?“">°+°(' 1.*>



Denoting by © the angle made with the vertical at P by the particle
velocity vector (see Fig. A2), we have the relation

dr
A~P>o =¥ ceto (A14)

2 2

Moreover, using L = 2mro Ksin“®@ , Eq. (Al3) becomes:

¥, = ——Ks\‘necose//[KCos‘e + K - gv,]

=U\'UL/[%(%V°>"J'\&L—U\}] (415)

where v. and v, are the components of the particle velocity at P,

perpendicular and parallel to the normal direction, respectively.

If the trajectory is not to intersect the sphere at any point

Q, the angle LPQ must be greater than some angle y. This means that

™ UL n (416)
2 (W 4+ 2T+ f>> 2V,

A simple formula results if y is allowed to go to infinity, namely:
[ag) 72 4 = A
2 v t:> 3 V, — m Vs (A17)

The assumption of an Infinite rather than a finite value for y is justified
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within the present approximation. A finite value would complicate the

algebra without introducing any qualitative changes in the conclusions.

In preparation for the use of Eq. (Al7) to calculate the current
for a Maxwellian distribution at infinity, let the velocities be ex-
pressed in units of (2kT/m)% and the energies in units of kT. Then, in
accord with the notation of Section II and of Fig. 5, the allowed domain
of integration is given by:

A<n<Yy

() Yml(E) =0 (Z '>v“> (A18)
(11) X (%) = \/o":t (2, «2< W) (A19)
(I11) @)= DV, - 22 (ox2<2) (A20)
where

2, = (2 i ) v, (A21)

This domain in trajectory space is illustrated in Fig. A3,

The definition of the three regions in Eqs. (A18)-(A20) and
Fig. A3 are in accord with Eq. (Al7), when n is greater than 2 but less
than 4. If n is greater than 4, the intercept on the z-axis by the
straight line of Eq. (A20) lies at a value of z greater than Vo. This
contradicts Eq. (Al8), the justification of which has been discussed in
Section II. However, the approximation above applies to nearly grazing
trajectories, i.e., where n is slightly greater than 2, and zj (Eq. (A21))

is nearly zero. Hence, for n 7» 4, the domain is not correctly described



since the trajectories corresponding to the boundary of the domain,
in Regions II and III, are far from grazing ones. The assumption will

be made, therefore, that for n >» 4, the allowed domain is given by:

Nn>Y
(D Ym(2) = O (2>V.) (A22)
(II,TII)  Yw(2) = % (V. -2) (cz222\) (A23)

The definition Eq. (A23) is illustrated by a dotted line in Fig. A3,
The "patched up'" equations, Eqs. (A22) and (A23), may not be grossly in
error since Eq. (A23) gives the correct value (n/2)V, at the point z = 0,

and the reasonable value, zero, at the point z = V,.

On the basis of the allowed domain in the trajectory space de-
fined by Eqs. (A18)-(A21) for 2 <€ n < 4, and by Eqs. (A22)-(A23) for

n > 4, Eq. (11) in Section II yields the following current density for

a Maxwellian distribution:

E-1)v, v

J' Vo -2 2 v “21:) 2-(
_ = a2 Yo - \/o"*)
.o & [/ < dz + e da

-(5-9)V%
:}:1——3( >] -l—(;L—%)\/ + | (A24)
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where jo = no(kT/Z‘nm)% (Equation (10) in Section II). The behavior
of the current density as a function of Vo’ with the exponent n as a
parameter, is illustrated in Fig. A4. For Vo near zero, all of the
curves behave like 1 + Vo’ independent of n. For n between 2 and 4,
the asymptotic behavior of the current is linear, with slope (2-n/2)
varying between unity and zero as a function of n. For n greater than
4, an apparent "saturation" is manifested. However, this saturation
effect is quantitatively doubtful due to the approximations used, but
i1s perhaps qualitatively reasonable, It corresponds to the one-

dimensional limit where intersections are dominant. (See Reference 6,
p. 230.)

The retarded current characteristic corresponding to the same
allowed domain is obtained by suitably modifying the limits on the
integrals in Eqs. (A24) and (A25). 1If the potential barrier to be
overcome by the collected particles is V, we have the following cases:
(8) 2<n<y a4 OV <(Z-1)Y,

’ n_
i’ GO
"
—_ = - LV - 11)
L - € e* rye o+ 1+ @-2)V%

g L A@-1)y we

n
FY

(A25)



Vo
/
wl®
J
° %
) A4ngH and V>N,
od
v f
J A -2 o, -V
- = & e dz = € (A28)
Jo V

(@ n>4 and 0LV <NV

.

J v i Vo (} ‘ o0
> o -2V, +(&- )=
Jc =€ [ j:, < ) 4z \S‘ e—'zJ-zJ

_ -(g—i)(v.-v)J
e i + | (A29)
G- [

(e) NS4 and VOV

o0

— Ve i S —V
=e”| €ty =" (430)

A%

O

The retarded current characteristic is plotted in Fig. A5, for
Vo = 45,54, for values of n = 2, 2.5, 3, 3.3, 4, and 6.
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FIGURE Al.

GRAZING TRAJECTORIES
(a) Radius of Curvature > r

(b) Radius of Curvature < r



FIGURE A2. NEARLY-GRAZING INTERSECTING TRAJECTORIES
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APPENDIX B - DRUYVESTEYN RELATIONS FOR ISOTROPIC DISTRIBUTIONS

When the Boltzmann distribution function or density in phase
space corresponds to an isotropic velocity distribution at infinity,
the current density of particles incident at a point on the surface

of the probe may be expressed by:

J = QW//f (v2) v dw 1w do, (81)

where aa is the Boltzmann distribution function. 1In Eq. (Bl), the

geometry is assumed symmetric about the normal direction, and VY, and VU

denote components of velocity parallel and perpendicular to
this direction, respectively. Let z and x denote Wj;z and WI;A ,

respectively, for convenience.

Consider first the grid of the probe to be biased at a repulsive
potential so that the particles of interest must overcome a potential
energy barrier of height V in order to be collected from infinity,
Assume that the collecting electrode is biased so as to attract all

particles passing through the grid. Then

J:‘E//‘I (x + 2 + 2_\/)4241 (B2)
2 0 m

where m is the particle mass, and energy conservation has been invoked.
Since the energy requirement is that x + z be positive or zero, the
entire x - z plane is energetically allowed. Assuming no exclusion

due to intersections, we may write:

o) o0

J=L | de [ dx L(x+ 2y 2y) (83)
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By transforming to new variables, z and u = x + z + (2/m)V, we have

» O
J(v)= /Aef du £ (u) = (- %V)l;(u)“ (34)

2y
where the last form was obtained by interchanging the order of integration.

Thus, by differentiating once with respect to V, we obtain

o0
4 o
- = - £ (w) du (B5)
v M S

"

And by a second differentiation with respect to V, we obtain

d>)
2 (36)
dv?* m> 8 ( V)

3l

Equation (B6) may be considered as one form of the Druyvesteyn relation.
Let the speed distribution at infinity be denoted by (5, w) » such
that f («r‘)Aﬁ{p gives the number of particles per unit volume which
have speeds lying in the interval dﬂf . Then the relation between

£ and . is

oy 00

£ (v2) = A € () (87)

oo 2 ‘ao
Y Uy

so that Eq. (B6) can be put in the form:

y
Do e (Em)

(88)
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.which is the formula given by Druyvesteynz. (See also Reference 3,

p. 753.)

Now consider the probe grid to be biased at an attractive
potential so that particles coming from infinity have at least a
kinetic energy Vo at the probe., As before, let the collecting
electrode be biased so as to attract all particles passing through
the grid. Then the current density is given by

J'=-—;—t [ﬁ(w+z—%%)4eéx (B9)

The energy requirement is that x + z - % V, be positive or zero.
Hence, the energetically excluded domain of the x - z plane is the

triangle near the origin bounded by the lines x =0, z = 0, and

X+ z = (2/m)V0. Assuming no additional exclusion due to intersectioms,

we may write:

= T %v,, *
J——?: iz J1€°(1+z—%%)
: 2
oo

-

<

(B10)

o

+ T |
2 dz d~ fw(x+%—%vo)

Yo 0

z\h

By transforming to new variables, z and u=x + z - (2/m)Vo, we have

<.
L1}
Y|

%-\vo ol o0 )
dz du -(;(u) + g d= cluf (u) (B11)
z
m
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5k

or

J~ eV, +d (B12)

where ¢ and d are constant moments of the distribution function, namely:

od
(B13)
-
c = -,;f -»[:o(u)clu
[

e (B14)
Y -f@ (v) udu
(4

The form of Eq. (Bl4) may be obtained from the second term of Eq. (Bll)

I
1]
yiH

by reversing the order of integration. In the case of the Maxwellian

distribution, i.e., where 'E» is given by

. 3/ —pmd
L (wy=n, ﬁ—-:—_ * 2RT (B15)
% 2w R

the constants ¢ and d become:

c=(" /h_r><_;;%>w

(B16)

Y.
cL - Y\O k—_\— *
T
Thus, for the attracting probe the resulting linear relation Eq. (B12)
bears no resemblance to the distribution function, and a Druyvesteyn

relation does not exist.



il

L T

.

Now let the collecting electrode be biased so as to repel
particles passing through the grid, and let the potential energy
difference between the grid and the collector be denoted by V. Then
the current equation Eq. (Bll) is modified as follows., When V is less
than Vo’

Zv, oo
m

b2 [ dul oy +d =c(v-v)+d

A4 (-4

(B17)

wid

3w

where ¢ and d are defined by Eqs. (B13) and (Bl4). The lower limit on
the z-integration is raised from 0 to (2/m)V since only values of z
greater than or equal to (2/m)V at the probe grid can contribute to
the current collected. Again, due to the linear form of Eq. (B17)
there exists no Druyvesteyn relation for V < b,

However, when V is greater than Vo’ the first term in Eq. (Bll)

makes no contribution at all, and the second term is modified to yield:

o0 o0
M |
VE 2 d2 du £ (u)
v 2- 2y
Lo o]
= (B18)
2 [v = 2 (v-v.)] £ (wdu

%(va;)

which follows upon reversing the order of integration. Equation (B18)
becomes identical to Eq. (B4) if V - V0 is replaced by V. Hence a
Druyvesteyn relation exists and the analysis following Eq. (B4) for the
case of a repelling probe may be carried through in an identical fashion.
Thus, defining Ay= V-V, » ve have, according to Eqs. (B5), (B6), and
(B8):
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(B21)

-Therefore, the case of the attracting probe with an internal repelling
collector is equivalent to the case of the repelling probe, since in
either case, a Druyvesteyn relation holds with respect to the net
repulsive potential barrier which the particles must overcome in coming

from infinity to the collector,

According to the discussion of Section II, exclusions in x - z
space due to Intersections of trajectories with the satellite surface
are not likely to modify the boundary for z *> Vo' Thus, when V is
greater than Vo, Eqs. (B18)-(B21) remain valid in the presence of inter-

section effects,



APPENDIX C - EFFECTS OF INTERSECTIONS
FOR GENERAL ISOTROPIC DISTRIBUTIONS

The equations in Appendix B have been derived on the assumption
that no part of trajectory space is excluded because of intersections.
They are applicable to any geometry, provided that it is rotationally
symmetric. Intersection effects, if present, will be manifested in
the current characteristic of an accelerating probe and will depend
on the geometry of the probe. In exploring the modifications in the
characteristic caused by intersections for arbitrary isotropic dis-
tributions, we will first consider the case of a sphere, which has
already been treated in Appendix A for the case of a Maxwellian dis-
tribution. We will employ the exponent n of Appendix A as a parameter
to characterize the spherical potential distribution. Following this,
we will similarly consider the planar probe characteristics, which
have been treated in Section IV for a Maxwellian distribution. We
will use the parameter b of Section IV to characterize the potential
distribution. For both the sphere and planar probe, the limits on
the integrals in Eqs. (B10)-(Bll) of Appendix B will be modified.

o7
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SPHERE

Assuming that the exponent n, which characterizes the spheri-
cally symmetric potential distribution lies between 2 and 4, the
allowed domain of integration in trajectory space may be obtained
from Eqs. (Al18)-(A21) of Appendix A as follows:

(I) X, =0 (z>%v°) (c1)
(II)XM—’-%%——; (2,5;:5_2’;\4) (c2)
(IID X = %\/0 - 2z (o ¢2<2) (c3)
vhere

Z,E<§-—(>%‘-\{, (c4)

In Eqs. (C1)-(C4), x and z denote vr2 and vzz, respectively, in
cylindrical velocity coordinates, Vo is the potential energy of the
attracted particles at the sphere surface, and m 1is the particle

mass.
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By reversing the order of integration in the first and last terms,

we may rewrite Eq. (C5) as follows:

. 2‘
%’::—%f f;(u)uéu
Q0
-+ %’Zv[ 'IPOO (w) C!“
Z,

s s@oy 4|

where z, = (n - 2)Vo/m, and where ¢ and d are the moment integrals

defined by Eqs. (B13) and (Bl4) of Appendix B, respectively. When

the potential V0 is zero, j is equal to d, which may be also designated

as jo. Thus, the normalized current ratio j/jé may be obtained by

division by d. For the case of a Maxwellian distribution, i.e., where
{;(u) , ¢, and d are given by Eqs. (B15) and (B16) of Appendix B,

we recover the ratio j/jo as given by Eq. (A24) of Appendix A, namely:

—
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| — e +@-5)E +

S|t

RS L AR TTNTIRTE TR K L]



— i

Taking the derivative with respect to Vo of j/jo as given by
the general relation, Eq. (C6), we obtain:

J oo
=1 = L
(J, -5 | ¢ -0 il
b d (2 2 + -’-n'—(g —I>/-ﬂ:(u)c1u (c8)
Z

where z, = (n - 2)V°/m.

By a second differentiation with respect to Vo’ we obtain:

J >
e (LY. _ r(n-2) (h— (c9)
4Vt \4 2m? & foo[ : ml) \/o]

Thus, a Druyvesteyn relation exists for the accelerating spherical probe
due to the presence of intersections (n > 2). Since n is not known,
Eq. (C9) cannot be used for the determination of -g» . If -gb is
known, however, Eq. (C9) might be useful for determining n, i.e., the

characteristic parameter for the field around the probe.

It is interesting to apply the foregoing equations to the case
of a monoenergetic distribution, for comparison with the Maxwellian.

Letting ,P be given by the delta-function
Q0
— Ccl10
{o(u)—AA\(u—uo) (c10)
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where A is a constant, the normalized current ratio obtained from
Eq. (C6) may be written:

c=;"\;A
d=Ty A
X
R 7—‘1 0
J | Z
T = - udu 4+ = -t Ydu
b u,,/ o (u Uo) Uo g (u-w)
(o]

+ (;1 — %) 2\ + l (c11)

L

where 2, = (n - 2)Vo/m. There are two ranges to be considered,

according as zy is greater or less than _,. Thus, denoting by (P
the ratio 2Vo/mu° , we obtain:

: P8

= | 4+ (,’0 (c12)

J- o9 + (1»{:})& (c13)
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In case (a) the first integral of Eq. (Cll) vanishes, while in case (b)
the second integral vanishes. Both Eqs. (C12) and (C13) are linear,
but with different slopes. The discontinuity in slope occurs for

P = 2/( n—2) , where j/j0 = n/(n - 2). Considering j/jo
as a function of @ = 2V, /mu , the slope is unity for
the lower range of (f, and between unity and zero for the upper
range of qp , depending on the value of n. The existence of a
discontinuity in the slope of the accelerating probe current charac-
teristic for a monoenergetic distribution has been suggested by
Medicus10 on the basis of qualitative arguments regarding the sheath
thickness. (The variation of the parameter n here may be regarded
equivalently as a variation in sheath thickness.) This phenomenon
occurs only for a delta-function, in which case the second term in
Eq. (C8) becomes a step function. For a continuous distribution,
however, the derivative is continuous. It is evident, by comparison
of Eqs. (C7) and (C13), that the slope of the asymptotic straight
line approached for large values of Vo is the same for the Maxwellian
and monoenergetic distributions, when the characteristics are con-

sidered as functions of the appropriate dimensionless variables.
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PLANAR PRORBE

In the case of the planar probe, the allowed domain of inte-
gration in trajectory space may be written, using the theory of

Sections II and IV, as follows:

(D A= 2 (C14)
m=O (2> 2V,)
(II)Xm=_2~n7|\/O.—7_. (:z._z:%é %\/c) (C15)
_ bV
(IID X = o -2 (o &£ 2< 2) (C16)
where
Z,= LV /am (c17)

In Eqs. (Cl4)-(Cl7), x and z denote vr2 and vzz, respectively, V_ is
the potential energy of the attracted particles at the probe grid,

and m is the particle mass.



Then Eq. (Bl1l) of Appendix B becomes:

2, o0 ‘;’“-7,\/0 %
j—_—-_;_—/ a,z_/) duf (4) 4+ ;.Z dz du £ (u)
o Z-q)2y
Z m e

09 (754
-r
+ ;/ 4;./ du £_(w (c18)
_2
’%Vo' LA

where z, = b2V /2m.
1 o

By reversing the order of integration in the first and last
terms, we may write Eq. (C18) as follows:

+ I du u £ (v (c19)
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Now jo --j(Vo = 0). Hence, defining

o0
;———;—_—g‘ ciuu{-i(u)
o
and
oo
c= T [ duf (v
(o]

we may express the normalized current ratio as:

@©

-\l T _Z‘ Juuf (u)
Jo 2 A A (u—l-%vo)

e

Jg M

+ (1-8)2% . |

For the case of a Maxwellian distribution, where
— , e have =
= A e\(?(—W\U/kT) w c —TAK'T/M)
. . , and Eq. (C22) yields:
Jo = ATWA RTH/m

. N,
J_ Ve bV o \_/o,>
i w"(‘“—’gf)@” E, (&

4

(c20)

(c21)

(c22)

(u)

(c23)



Ag(u—-u,) , we have c:TA/Zj j°=‘WAUo/,2)

In accord with Eq. (33) of Section IV. The constant A, which is

N (m /o T }3/1 » 1s immaterial since it appears in both
numerator and denominator of the terms of Eq. (C22).

For the case of a monoenergetic distribution, where 'ﬁoo (u) =

and Eq. (C22) yields

CP‘Z
[+ @

(c24)

U [

_ b
=1+ -t

where (/ denotes the ratio: 2V _/mu,

It is interesting to note that the planar probe current char-
acteristic for the monoenergetic distribution given by Eq. (C24) is
continuous and has continuous derivatives, in contrast to the case of
the spherical probe (Eqs. (C12)-(C13)). Comparison of Eqs. (C23) and
(C24) shows that the asymptotic linear behavior is the same, when

j/jo is considered as a function of the appropriate dimensionless

variable.

By taking derivatives of the general characteristic given by
Eq. (C22), one does not obtain a Druyvesteyn relation for the planar
probe as is found for the spherical probe. (See Eq. (C9).)
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APPENDIX D - SPECIAL CASE OF A MOVING SPHERICAL PROBE
WITH SPHERICALLY SYMMETRIC POTENTIAL

Although it is not possible in general to express in analytic
form the current to a moving probe, an exceptional case occurs for a

spherical probe when the potential distribution about the probe is

- spherically symmetric,

68

The case where the potential is spherically symmetric and the
velocity distribution is a Maxwellian with a superimposed drift velo-
city has been treated in recent yearslo’ll. Work has also been per-
formed on the problem of a cylindrical probe in the same velocity
distribution3’12. In these problems the concept of a sheath of
finite thickness was employed to characterize the potential distri-

bution function.

We have already treated the case of a spherical probe in a
Maxwellian velocity distribution in Appendix A, and a general iso-
tropic distribution in Appendix C. In these Appendices we have intro-
duced a new model, namely, that of a power-law potential characterized
by an exponent n, which was employed to take into account trajectory
exclusions due to intersections. In this Appendix we will extend the
theory of Appendices A and C to the case where the particle velocity
distribution in the plasma is any rotationally symmetric function, the
most important example being an isotropic function with a superimposed
drift velocity. The method, however, can be applied to any velocity
distribution whatsoever. The potential distribution function will be
assumed to have a fixed spherically symmetric form, despite the presence
of a distribution of space charge which is not spherically symmetric.
When the plasma is extremely rarefied, space charge effects should pro-
duce a negligible distortion of the potential from spherical symmetry.
At the same time, the deviation of the potential from the Laplace
(Coulomb) form should also be small. When the plasma is not rarefied,
the deviation from spherical symmetry due to the presence of space -
charge would be small if the drift velocity is small, For sufficiently
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small drift velocities, then, or for sufficiently rarefied plasmas,
the spherically symmetric approximation may be a good one and may
yleld fruitful results3’1o’11. We will therefore proceed, under the
assumption of spherical symmetry, to examine the effects of the form
of the distribution function, and of trajectory exclusions due to
intersections, on the current characteristics of the spherical probe.

Although it is simpler to use directly the angular momentum

or impact parameter approachlo’11

to derive the integral for the probe
current, we will employ the equivalent approach of performing an
integration of the local current density over the surface of the sphere.
That is, we will preserve the formulation of this report,in which the
current density is obtained by an integration over the local velocity
space at a point on the surface of the sphere. This formulation may
have value in permitting one to examine the collection of current in

the neighborhood of such a point. However, for the purpose of this
report, we will not consider individual points, but will take full
advantage of symmetry in performing the surface integral. The velocity
distribution at infinity will be assumed to have rotational symmetry
about an axis, but it will be clear from the results that the formula
for the current will be applicable to any velocity distribution whatever,
provided that the appropriate speed distribution is used. A Druyvesteyn
relation holds, for the retarding sphere, between the second derivative

of the potential and the speed distribution.

The integral to be derived for the current to the accelerating

sphere will be shown to have a general form which may be applied to any

mathematical model describing the effects of trajectory exclusions. Thus,

it is of interest to obtain an expression for the current based on the
power-law potential model of Appendix A, and to compare this with the
current based on the sheath mode13’10’11. For a Maxwellian velocity
distribution with superimposed drift, it will be shown that the two

models have similar properties, so that they are in a sense equivalent,

The current collected by a sphere may be written in the form

- ([ cZf[[ rE@ER) T ov

S'Pbug ccevpled
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where J*3 is the element of surface of the sphere, A 1is a unit vector
in the direction of the outward normal at the surface element, and £

is the distribution function, i.e., the density in phase space, The
outward normal direction is considered positive for convenience. Since
the trajectories are to be followed backwards in time to their origin, it
is convenient to consider only outgoing velocity vectors and to reverse

the velocities at infinity for the evaluation of the distribution function.

For a rotationally symmetric velocity distribution with an axis
PN
of symmetry along the direction of a unit vector vy , the distribution
function for occupied trajectories (see Section II for the definition

of the term "occupied") may be written:

— —&
ﬁ(rj“\)’ =‘€‘,(’U;°/Ccs\l)w> (D2)

where % is the angle made by the particle velocity vector (‘{f'; ) with
the direction of {("\s at infinity. The quantity VY, 1is the speed at
infinity, which is related to the local speed (" ) by
1“;9‘ = U* + %@ (D3)
where @ is the local potential energy of the particle and m is its
mass, For example, an isotropic velocity distribution with a super-
—e

imposed drift velocity VU; may be represented by the function

L (v ¢ CF - 26 as?’ao}, i.e., by a function of the single
' Voo -

argument ('U" i ):L
o £

The following coordinate system will be adopted; as illustrated
in Fig. D1. The point at which the current density is to be evaluated
is the point P, located on a sphere of radius r, at a polar angle §
with respect to the principal axis, '\’)\; .

at this point is N. The primed velocity coordinates v/, '\f\é' , vy

The outward normal unit vector

‘refer to a coordinate system fixed in space, with the "U;’ -axis along

the direction of /U\; , and the U’x’-axis perpendicular to this
axis and lying in the plane containing the vectors {’; and n. The



\73' -axis is perpendicular to this plane. The unprimed velocity coordi-
nates Vi, ., Y% refer to a coordinate system which rotates with the
vector ﬁ, where the = -axis is along the direction of ﬁ, the vy -axis is
perpendicular to this axis (tangen’t to the sphere at P) and lying in

-
the 1 -V; plane, and the ‘ISS-axis is parallel to the \rg-axis. Thus,
the unprimed coordinate system may be obtained from the primed coordi-

nate system by a rotation about the ’\G-axis through an angle 3 .

Let—':g‘ be the local velocity vector at the point P. It is
convenient to Introduce spherical polar velocity coordinates, i.e.
'\5'/ 9’) (p/ and '\f}elcﬂ for the primed and unprimed systems, respec-
tively. Here, p' 1is the polar angle made by the velocity vector
—’\-} with the '/'\\g-axis, and (f' is the azimuthal angle made by the
'—\‘?-’/\\}; plane with the A -1/)\; plane. The angle & is the polar angle
made by*’\?'with the N-axis, and () is the azimuthal angle made by the
??—?\ plane with the T -{r; plane. The angle ¢ is equal to 0 |
(or T ) when'_{J{2 is in then - /‘1}3 plane and headed away from (or toward)

A
the positive 7V -axis,

The trajectory passing through the point P is associated with
a particle having the velocity vector —\E’ at infinity. In the primed
coordinate system, the vector'—‘l.:f° makes a polar angle 6‘,: with the
% -axis and Ce:is the azimuthal angle, which is equal to (ﬂ/ for a
spherically symmetric potential. In the unprimed coordinate system,
the vector 71’)’: makes a polar angle g, with the fi-axis, and Cgo is
the azimuthal angle, which is equal to (§ for a spherically symmetric
potential. The angles € , Qw, and le are shown in Fig, D1,

Thus, we have the following relations between the angles in

the two coordinate systems:

sinelcos®’ = cos B sine cesd  + SIn¥ cosé (D&)

D5
s:%e’;;‘ﬂ(p’: s:‘nesn‘nqﬂ (D5)

Tl
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Cese’ = ~ sing sing<cesqf + Cos¥ ceso (D6)

Since the angle LK, which enters into Eq. (D2) is the supplement
of §/ , we obtain from Eq. (D6) the relation

c_as\}ép = si‘n} s‘}\cwc”(/ — CosE Ces5€, (07)

In Eq. (D7), €, may be defined as the change in polar angle of the par-
ticle in going from the point P to infinity. It is a function of © and
’, but not of @, and may be expressed by the following formula - when
the potential is proportional to r

/
-4
2
\ 2
= sine [ = smox + (1-x") =% dx (08)

In terms of the angles defined above, the five-dimensional in-

tegral for the current, Eq. (D1) may be written as

T =awveg vidvy G(v8,) (D9)

Vi
The lower limit on the V-integral depends on the sign of az and will be

discussed later.

In Eq. (D9), G is defined by



T ,emaf - 2T
G‘“’@@%/sf@é;/ Sn6 ¢e50 d/ ddf
© o (o)

. 'E, ('\go) Sin¥ S, cosq — CosScesq, ) (p10)

where (}o i1s the potential energy of the particle at the sphere surface,
and the function-go has been defined as in Eq. (D2). In deriving Eq.
(D9), use has been made of the symmetry about the direction of \33 in
the surface integration. The upper limit Qma,( on the & -integral de-

pends on intersection effects, which will be discussed later.

It is now convenient to transform the integration over § to an
integration over cosY,, , where cs4,, is defined by Eq. (D7) as the
second argument in the distribution function !,‘:; . From Eq. (D7) we
find cos} as a function of cc;\&:

— N cosro -+ s|‘n:\. cos™ —‘COSLW
605§ - Cosegfosq)w * SO, ccs@P -J 00 Qo Co5s ¢ o

(D11)
s, + sinr g, cosacf



Note that there are two branches in the transformation, given by the two

signs., The Jacobian of the transformation is

D cesE —
dees Y, - 7 b + a2 (D12)
where
Cos
1= S (d13)
“ostl, + sinrg cosr @
Sin6, ces Yy ces f
= - , (D14)

(Ccs“% + S\‘n‘éa, ces lq?)\[dou"-éa + S“n‘e‘,,,cos‘c() —cos Y,

Thus, we may write the function G as

L ema)( ('\Y)

G—(’\J') @o) = Sin LPQOJ% 'fo, (V'“‘oo/ "°5"go>

o]

S8 cos6 de

. Jy ("‘T * —T;) | (D15)

T4



where the range of the Cp-integration will now be discussed,

Considering &, and therefore 9‘” , fixed, the range of 49 is
taken from O to 2T provided that the radicand of Eqs. (D11) or (Dl4)
does not vanish for any value of (-[7 in this range. In this case, the

integration over T2 gives zero, and the integration over T, gives

simply 2TC , independent of 8, - Either branch of the tratllsformation
may be chosen, and no transfer occurs from one branch to the other.
However, if the radicand vanishes for a value of ¢, designated by

4.)“ , then the range of ¢ is restricted in such a way that the radi-
cand remains positive. The argument is too lengthy to be given here,
but it may be shown that a transfer occurs from one branch to the

other as (p passes through the value Q?n . In this case, the integration

over T2 gives 27 , while the integration over T. gives zero.

1
Thus, ignoring the sign of the Jacobian, the function G becomes:

iy

G (v, 8,) =T 51*6ney -go(‘%}m;tgo)sfh @ d ¢ (p16)

o

and the current becomes, using Eq. (D9):

©0 m |
vhc\n O
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With the use of Eq. (D3), the v-differential may be transformed by

vi3dv o= (g - 2 ., )% dy, (18)

into the differential of the speed at infinity. The resulting current

may be written:

), 00
—— 2 A
T = A Sm"'QmaX Cf\ypol_%zo) N ("‘;o> c!'\l;a (D19)
%

'U‘ Al

A win
where N(l&) is the speed distribution defined by:

lT

Newy= amyr ) £ (g es )sing dy (n20)

(o)

The differential N(x;)<¥q; represents the number of particles per unit
volume at infinity which have speeds lying in the range \{ to L+ dv, .
The symbol N appears here in a manner identical to that in which the
symbol ﬁ; appears in Appendix B, (See Eq. (B7) in Appendix B.) 1In
Appendix B, CL denotes the speed distribution in an isotropic velocity
distribution. The symbol N will be associated with a more general
velocity distribution.
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In Eq. (D19), \,.x 1s given by zero or (232,/m)%, according as
?iL is negative or positive, respectively.

If §i= V, where V is positive, the probe is retarding and there
are no trajectory exclusions due to Intersections. (See Section II for
definitions of terms.) Therefore, é%zx has the constant value 1T/2,
and a Druyvesteyn relation follows from Eq. (D19). With U .. = (2V/m)%,
the second derivative of I with respect to V is given by

LI = g™, L N (\/2V/m> (D21)

q[\/ Hw 'V

where N is defined by Eq. (D20). (Compare Eq. (D21) with Eq. (B8) in
Appendix B.)

If -§§°= Vo, where V, is positive, the probe is accelerating
and there may be trajectory exclusions manifested in Gpyy . That is,
Gmay may depend on V,. However, in the absence of trajectory exclu-
sions, & 15 equal to'TT/2. 1In Appendix A it is shown that for a power-
law potential falling off as r-n, trajectory exclusions do not occur
if n is less than 2. In this case, withy .. = 0, the current is a

linearly increasing function of Vo' According to Eq. (D19), this

function may be expressed as:

Lo + &\/-[ VN
? fww«r/\l(—\r)

o

where N(v') is defined by Eq. (D20) and I0 is the value of I when v, = 0.
From this point on, the symbol ¥V will be used to denmote 1§, , since we

will no longer refer to local velocities.

In the presence of trajectory exclusions due to intersections,
O max depends on v and Vo' If we assume a power-law potential falling

off as r " and use the results of the approximate theory in Appendix A,

(D22)

7
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we obtain the following expression for Q,‘”:

avr 4+ (2-2)3\

SIn* 6,

k4

(power—law potentia) model)  (p23)

for V <V, , where v, is a critical velocity, defined by

vt = (2 - l) r—\n% Vo (Powu— law po""cvfh‘a—[ wwclel)

For a5 >v, , sim*g,

(D24)

mes= 1. Equations (D23) and (D24) may be derived

from Eqs. (A18) through (A21) of Appendix A, assuming that n has

values lying between 2 and 4,

v

(~]

et [ [y 2 y] Neddy

Thus, the current may be written:

dnr
T=arwr/ [v*+ (-4)Fv ] NS

v

(D25)
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The derivative of I with respect to v, becomes:

A\ o0

dT _ 2awe™

v -'Q‘M @—%)f _N_(_’\")_ZZEI.'“' ~+ N———-—("’F)jv (D26)
(o]

N

As Vo becomes large, the slope becomes a positive constant pro-
portional to (2 - n/2). (Compare with Eq. (C8) in Appendix C.) Thus,

a saturation effect does not occur unless n exceeds &,

The second derivative of I is given by

LT - - I (g N(ER)

which is equivalent to Eq. (C9) in Appendix C.

Thus, the current and its derivatives are given by precisely the
same formulae as those given in Appendix C for the isotropic distribu-
tion, provided that the speed distribution is used in the formulae.

This fact is due to the spherical symmetry of the probe potential. It
may be shown that the theory applies to any speed distribution what-
ever, which is obtained from any velocity distribution by integration
over all solid angles. The plausibility of this assertion may be seen

as follows.
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Equation (D19) may be derived alternatively by using the
impact parameter picture, in which one considers the distribution of
velocities at infinity to be composed of a number of beams of particles
moving in parallel lines with equal velocities, as suggested in Reference
3 (p. 751). From the point of view of the particles in any of these
beams, the potential distribution appears the same, due to its assumed
spherical symmetry. Hence, the current entering the sphere depends
only on the distribution of speeds of the particles, and one would ob-
tain the correct answer by considering all the particles to be moving
in a single parallel beam, but with the appropriate speed distribution
function., Thus, a Maxwellian velocity distribution with superimposed
drift has a speed distribution of the form

v
[ - VT 4 2V Vo cosY

N(v) = 2Qwss | - & smwdy

— (ar—k V- - (v Y
L [e('\r\’s)_é(‘\f D

(D28)

& ]

where the velocities are in units of (ZkT/m)%, U is the drift velocity
Mach number, and the density is in units of n_, the ambient particle
density,

The current-voltage characteristics of a moving sphere have been
calculated by Medicus10 and Kanalll, using the speed distribution Eq.
(D28). Their calculations take the form of the potential into account
by using the model of a sheath of definite thickness. The sheath thick-
ness 1s the parameter which characterizes the form of the potential.
According to the sheath model, sSn*g,,, andv are defined by the following

expressions:



2
- \(’- %] ]
SN Pmaxy = = (sheatt, model ) (D29)
R %\/o
Wt o= i ZV (sheath wodel)
v = — Vs Sheath wode (D30)
e

where r is the sheath radius. Equations (D29) and (D30) may be compared
with Eqs., (D23) and (D24) based on the power-law potential model with

n greater than 2,
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COMPARISON OF MODELS

It will be of interest to compare the accelerating probe current-
voltage characteristics derived on the basis of the power-law potential
model with those derived on the basis of the sheath model, when N(v) is
given by Eq. (D28), corresponding to the physically interesting case of
a Maxwellian with superimposed drift, In the power-law model the

exponent n will be assumed to lie between 2 and 4.

For the power-law model, we will use Egs. (D23) and (D24) in
Eq. (D19). For the sheath model we will use Eqs. (D29) and (D30) in
Eq. (D19). The current will be denoted by IPL for the power—lgw model N
and by ISH for the sheath model, and will be in units of 41Tro no(kT/ZTYm) .
With velocities in units of (2kT/m)% and potential energy in units of

kT, the currents for both models may be expressed in the forms

SEANVE i
IPL = DZ?L T, + ﬁm. = <vPL> + ( 2 \{) }2—'-\} et v (D31)

$

T, = %L, + G Fwy) (p32)
where

-5 VI
To=4 € 4 (£ + %) efs 35

and F(.v) is the function
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h
The arguments 'D;L and '155“ are defined by

] l/
_/n > >
\%L— (z — |> \é (D35)

and
v,
v =YV (036)
where
o
v = o - Q" (037)

The coefficients o and B for the two models are defined by
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Loy =2

Loy = (( + 7> /7™

When Vo =0, both I

PL

and Ig, become equal to I, defined by Eq. (D33).

pm_: |
(é&sn = 1//47’/2'

For small values of U, F(v ) approaches

Fx e ST A
v ~ [l+(2-r+\)§$—+ ]

For small values of V', F(u) approaches

F () 2

—_ :1?;

+

PR

A\ -

'\S_l JT e{‘_f'vs + s

(D38)

(D39)

(D40)

(D41)



DIFFERENCES BETWEEN THE MODELS

For Y= 0 and ISH reduce to

’ IPL

(IP,_>V$;O =9 - e—_ —+ (;Z -%)VO @)

(D43)

|
\
O
"
v
5
f

Comparison of Eqs. (D42) and (D43) shows clearly that the sheath model
current has a limiting ("'saturation') current at large Vo’ while the
power-law model current does not, for n less than 4, This is the most
important difference between the sheath and power-law models. When
Vg > 0, and for large values of Vo’ F(v) approaches zero like -e‘v"
in both models, and IPL and ISH become:

T, ~ 2T + @-2)\ —?F:gerfvs (Ve o) ut

T~ 227 (vney

That is, the saturation effect is exhibited by I but not by I__, when

SH? PL?

n is less than 4,
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For small values of iy , F(u) is given by Eq. (D40), I

approaches 1 + \%2/3, (ﬁ/:&‘u‘s )e{-g Vg approaches 1 - ‘\I /3,

and IPL and ISH approach:

Vs=o

Te, 6—;91.> + q—y"{ @"")\g:o — (n-2)V, e\ )% ‘L @_q)\/:} (D46)
(\r5<< 3}
To 2@, F @), —ave] e
Q\’"g<<l )

Hence, the forms of IPL and ISH differ in that IPL has an additional

linear term. Thus, for large values of Vo’ and small values of Vg ,

IPL and ISH approach
I,,,_N;l(l-%é“’s") 2")\4(\-"3*3') (D48)
(Vo >> | )'\\344])

(D49)
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SIMILARITIES BETWEEN THE MODELS

For small values of ¥, F(v) is given by Eq. (D41). Thus, for

small values of Vo’ IPL and ISH become equal and are given by

jPL = Is» =~ Io + \/o —-\/—T:“ erf U (\/o <<\> (D50)

A
(ov me2, er 420
where Io is defined by Eq. (D33). /
For n = 2, F(lnL) becomes equal to -Io, and IPL is given by
Eq. (D50). For ¥—> 0, which corresponds to an infinitely thick
sheath,

V%"

Pon F ()= = 5+ Vogg ook @)

Hence, from Eq. (D32) we obtain for ISH the expression given in Eq.
(D50). Thus, for n = 2 (or less) we obtain the same current, based
on the power-law model, as we obtain for the sheath model with

7Y = 0. That is, the two models become equivalent in this limit.
In other words, the infinite sheath case corresponds to the case of
no trajectory exclusions due to intersections, which we have shown,
in Appendix A, to be valid when the potential falls off 1like r " and

n is less than 2,

Moreover, IPL for n= 4 becomes identical to ISH for 7= 1.

For these values,

‘/'L-
Vp = Vg = \/o (D52)

and the currents become
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<j:?"‘>n,,,} = CISR),/“ = 2L, + F(\/o'/") (D53)

Thus, in this case, IPL shows saturation for large V0 as well as ISH'
Now Eq. (D31) for Ip;, 1is invalid for n> 4, but, according to the
discussion of Appendix A the current IPL probably will saturate at
large V0 when n exceeds 4, Hence, for n greater than 4, the two
models are probably equivalent also, In the limit of infinite n,

IPL should become equal to Io’ as does I
4 (thin sheath limit),

SH in the limit of infinite

Finally, the sheath thickness should be an increasing function
of VO.5 Therefore, the "saturation' effect exhibited by ISH at large
VO, i.e. Eq. (D45), is only an apparent effect. Therefore, for large
sheath thicknesses, i.e. where 97 1is less than unity, the power-
law model (n < 4) probably affords a better description of the
current characteristics. Whereas, for small sheath thicknesses,
where 9 is greater than unity, the sheath model may have greater
validity.

The current IPL is plotted for vg = 0, 1, and 2 in Figs,
D2, D3 and D4, respectively. In each figure, curves are plotted
for n = 2, 3 and 4.
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